Abstract. Generalized contact bundles are odd dimensional analogues of generalized complex manifolds. They have been introduced recently and very little is known about them. In this paper we study their local structure. Specifically, we prove a local splitting theorem similar to those appearing in Poisson geometry. In particular, in a neighborhood of a regular point, a generalized contact bundle is either the product of a contact and a complex manifold or the product of a symplectic manifold and a manifold equipped with an integrable complex structure on the gauge algebroid of the trivial line bundle.
Introduction
Generalized complex manifolds have been introduced by Hitchin in [17] and further investigated by Gualtieri in [16] , and the literature about them is now rather wide. Generalized complex manifolds are necessarily even dimensional and they encompass symplectic and complex manifolds as extreme cases. A natural question is what is the odd dimensional analogue of a generalized complex manifold. Several answers to this question appeared already in the literature but the works on generalized geometry in odd dimensions are still sporadic [18, 30, 26, 36, 27, 2] . Recently, A. Wade and the second author proposed a partially new definition of an odd dimensional analogue of a generalized complex manifold, called a generalized contact bundle [33] . Generalized contact bundles are a slight generalization of Iglesias-Wade integrable generalized almost contact structures [18] to the realm of (generically non-trivial) line bundles, and encompass not necessarily coorientable contact manifolds as an extreme case. At the other extreme they encompass line bundles equipped with an integrable complex structure on their gauge algebroid. In turn, such line bundles are intrinsic models for so called normal almost contact manifolds [4] . In our opinion, generalized contact bundles have an advantage over previous proposals of a generalized contact geometry: they have a firm conceptual basis in the so called homogenization scheme [35] , which is, in essence, a dictionary from contact and related geometries to symplectic and related geometries. In principle, applying the dictionary is straightforward: it is enough to replace functions on a manifold M with sections of a line bundle L → M , vector fields over M with derivations of L, etc. In practice, applying the dictionary can be actually challenging, and may lead to interesting new features [15, 31, 32, 20, 21, 6, 29, 28, 34, 35] .
In [33] the authors define generalized contact bundles, and study their structure equations, showing, in particular, that every generalized contact bundle is a Jacobi bundle [19, 22, 25] . This puts odd dimensional generalized geometry in the framework of Jacobi geometry. In this paper we begin a systematic study of generalized contact bundles by studying their local structure. Our main results are two splitting theorems. In this introduction we provide for them rough statements to be better explained and made precise in the bulk of the paper.
Theorem (A). Let M be a manifold equipped with a generalized contact bundle, and let x 0 ∈ M be a point in an odd dimensional characteristic leaf of M . Then, locally around x 0 , M is isomorphic, up to a B-field transformation, to the product of a contact manifold and a homogeneous generalized complex manifold whose homogeneous Poisson structure vanishes at a point.
Theorem (B). Let M be a manifold equipped with a generalized contact bundle, and let x 0 ∈ M be a point in an even dimensional characteristic leaf of M . Then, locally around x 0 , M is isomorphic, up to a B-field transformation, to the product of a symplectic manifold and a manifold with a generalized contact bundle whose Jacobi structure vanishes at a point.
We also explicitly discuss the local structure of a generalized contact bundle in a neighborhood of a regular point, proving the following two local normal form theorems.
Theorem (C). Let M be a (2n + 2d + 1)-dimensional manifold equipped with a generalized contact bundle, and let x 0 ∈ M be a point in a (2d+1)-dimensional characteristic leaf of M . If x 0 is a regular point, then, locally around x 0 , M is isomorphic, up to a B-field transformation, to the product of the standard (2d + 1)-dimensional contact manifold (Ê 2d+1 , θ can ) and the standard complex space n .
Theorem (D). Let M be a (2n + 2d + 1)-dimensional manifold equipped with a generalized contact bundle, and let x 0 ∈ M be a point in a 2d-dimensional characteristic leaf of M . If x 0 is a regular point, then, locally around x 0 , M is isomorphic, up to a B-field transformation, to the product of the standard 2d-dimensional symplectic space (Ê 2d , Ω can ) and the cylinder Ê× n equipped with the canonical complex structure on the gauge algebroid of the trivial line bundle (Ê × n ) × Ê → Ê × n .
The proof of Theorem (D) requires proving that certain Dolbeault-like cohomologies associated with a complex structure on the gauge algebroid of a line bundle are locally trivial.
The paper is organized as follows. In Section 1 we collect the necessary preliminaries on gauge algebroids and Jacobi structures. In Section 2 we recall the notions of generalized contact bundle [33] and complex Dirac-Jacobi structure [32] . In this section we also discuss in details symmetries of the omni-Lie algebroid, which plays for generalized contact and Dirac-Jacobi bundles a similar role as the generalized tangent bundle plays for generalized complex and Dirac manifolds. Finally we discuss homogeneous generalized complex structures, and a suitable notion of product of Dirac-Jacobi bundles, which appears to be unavoidable in a precise formulation of our splitting theorems. In Section 3 we describe in details the structures induced on the characteristic leaves of a generalized contact structure, and on their transversals. Section 4 contains our main results: the splitting theorems around a point in a contact and around a point in a locally conformal symplectic leaf. In the last Section 5 we prove, as corollaries, local normal form theorems around a regular point. Finally, in Appendix A, we discuss a very special class of generalized contact structures: complex structures on the gauge algebroid of a line bundle. We prove a local normal form theorem analogous to the Newlander-Nirenberg theorem, and the local vanishing of an associated Dolbeault-like cohomology. Both are consequences of their standard even dimensional counterparts.
We assume the reader is familiar with the fundamentals of Lie algebroids, Dirac manifolds and generalized complex structures.
1. Preliminaries 1.1. The gauge algebroid. A derivation of a vector bundle E → M is an Ê-linear operator ∆ : Γ(E) → Γ(E) satisfying the following Leibniz rule ∆(f ε) = X(f )ε + f ∆ε, f ∈ C ∞ (M ), ε ∈ Γ(E), for a, necessarily unique, vector field X ∈ X(M ), called the symbol of ∆ and denoted by σ(∆). Derivations are sections of a Lie algebroid DE → M , called the gauge algebroid of E, whose anchor is the symbol, and whose bracket is the commutator of derivations [23] . The fiber D x E of DE over a point x ∈ M consists of Ê-linear maps ∆ : Γ(E) → E x satisfying the Leibniz rule ∆(f ε) = v(f )ε x + f (x)∆ε for some tangent vector v ∈ T x M : the symbol of ∆. Correspondence E → DE is functorial, in the following sense. Let F → N and E → M be two vector bundles, and let Φ : F → E be a regular vector bundle map, i.e. a bundle map, covering a smooth map φ : N → M , which is an isomorphism on fibers. Then Φ induces a (generically non-regular) vector bundle map DΦ : DF → DE via formula
for all ∆ ∈ DF , and ε ∈ Γ(E). Here Φ * ε is the pull-back of ε along Φ, i.e. it is the section of F given by (Φ * ε) y = Φ|
−1
Fy (ε φ(y) ), y ∈ N . The vector bundle map DΦ will be sometimes denoted by Φ * if there is no risk of confusion. Correspondence Φ → DΦ preserves identity and compositions. Derivations of a vector bundle E can be seen as linear vector fields on E, i.e. vector fields generating a flow by vector bundle automorphisms. Namely, for every derivation ∆ of E, there exists a unique flow {Φ t } by vector bundle automorphisms Φ t : E → E such that
The gauge algebroid acts tautologically on the vector bundle E. Accordingly, there is a de Rham complex of DE with coefficients in E, denoted (
will be referred to as Atiyah forms. They are vector bundle maps ∧ • DE → E. Differential d D is given by the usual formula. Atiyah forms can be pulled-back along regular vector bundle maps. Namely, let F → N and E → M be vector bundle, and let Φ : F → E be a regular vector bundle map covering a smooth map φ :
Atiyah forms along a derivation ∆, and all these operators satisfy the usual Cartan calculus identities. Additionally, there is a distinguished derivation, namely the identical one: 1 : Γ(E) → Γ(E), ε → ε, and contraction ι 1 of Atiyah forms with 1 is a contracting homotopy
In this case, the identical derivation 1 spans the kernel of the symbol and there is a short exact sequence:
where Ê M = M × Ê is the trivial line bundle over M . Dually, there is a short exact sequence
Remark 1.1.1 (Atiyah forms on the trivial line bundle). When L = Ê M is the trivial line bundle, then sections of L are just functions on M , both sequences (1.1) and (1.2) splits canonically via the standard flat connection in Ê M , and we have
In this case, a generic derivation is of the form X + f where X is a vector field and f is a function. Similarly a generic section of J 1 Ê M is of the form η + g · j 1 1, where η is a 1-form, g is a function, and j 1 1 is the first jet prolongation of the constant function 1 ∈ C ∞ (M ). In the following, we will denote j = j 1 1. Then we have
More generally, any Atiyah form ω ∈ Ω • Ê M can be uniquely written as
with ω 0 , ω 1 ∈ Ω • (M ), and we used the symbol to give Atiyah forms the structure of a graded
In terms of decomposition (1.3) the natural operations on Atiyah forms read as follows:
. Jacobi bundles and their characteristic foliations. Jacobi manifolds were introduce by Kirillov [19] , and independently, Lichnerowicz [22] , as generalizations of Poisson manifolds.
Here we adopt to Jacobi manifolds the slightly more intrinsic approach via Jacobi bundles [25] (see also [28] ). Jacobi bundles encompass (not necessarily coorientable) contact manifolds as non-degenerate instances. Let L → M be a line bundle. A Jacobi structure on L is a Lie bracket
which is also a bi-differential operator or, equivalently, a bi-derivation. The bracket {−, −} is also called the Jacobi bracket. A Jacobi bundle is a line bundle equipped with a Jacobi structure. A Jacobi bracket {−, −} can be regarded as a 2-form
satisfying an additional integrability condition, and in the following we will often take this point of view.
Example 1.2.1. Every contact manifold is canonically equipped with a Jacobi bundle containing a full information on the contact structure. Indeed, let (M, H) be a contact manifold, i.e. H ⊂ T M is a maximally non-integrable hyperplane distribution, and consider the normal line bundle L := T M/H. The distribution H can be equivalently encoded in a line bundle valued 1-form θ ∈ Ω 1 (M, L): the canonical projection θ : T M → L. In its turn θ can be seen as an Atiyah 1-form on L. One can prove that ω :
L is a non-degenerate (and closed) Atiyah 2-form (see, e.g., [32] ). Here, the non-degeneracy means that the induced vector bundle map
Conversely, every non-degenerate Jacobi structure on a line bundle L → M , determines a contact structure H ⊂ T M on M , with T M/H = L. For some more details, see the discussion at the beginning of Subsection 3.1. ⋄ Example 1.2.2. Every locally conformal symplectic (lcs) manifold is canonically equipped with a Jacobi bundle containing a full information on the lcs structure. We adopt a slightly more intrinsic approach to lcs manifolds. Namely, in this paper, a lcs structure on a line bundle L → M is a pair (Ω, ∇), where ∇ is a flat connection in L, and Ω is an L-valued 2-form on M , which is 1) non-degenerate and 2) closed with respect to the connection differential
is the trivial line bundle we recover the usual definition. So let L → M be a line bundle equipped with an lcs symplectic structure (∇, Ω).
is a Jacobi bracket. Interpret it as a 2-form J :
It is easy to see that the rank of J is dim M . Conversely, every Jacobi structure J on a line bundle L → M such that rank J = dim M determines an lcs structure on L. For some more details, see the discussion at the beginning of Subsection 3.
⋄
Similarly as a Poisson manifold, a manifold M equipped with a Jacobi bundle (L, J) possesses a canonical (generically singular) foliation, called the characteristic foliation and defined as follows. Consider the sharp map associated to J, J ♯ : J 1 L → DL. Composing with the symbol we get a map σJ ♯ : J 1 L → T M , whose image is an involutive distribution on M . The integral foliation F of im σJ ♯ is the characteristic foliation of the Jacobi bundle (L, J), and its leaves are characteristic leaves. Odd dimensional leaves of F are naturally contact manifolds, while even dimensional leaves are lcs manifolds. For more details about properties of characteristic leaves in Jacobi geometry see, e.g., [28] (see also Section 3).
When L = Ê M → M is the trivial line bundle, a Jacobi bracket {−, −} on L is equivalent to a Jacobi pair, i.e. a pair (Λ, E), consisting of a bivector Λ ∈ X 2 (M ) and a vector field 
, and E can = ∂ ∂u .
We denote by J can the Jacobi structure corresponding to the Jacobi pair (Λ can , E can ). ⋄
2.
Generalized contact and Dirac-Jacobi geometry 2.1. The omni-Lie algebroid and its symmetries. The natural arena for generalized geometry in odd dimensions is the omni-Lie algebroid L of a line bundle L → M [9] . Recall that L = DL ⊕ J 1 L, where DL → M is the gauge algebroid. The omni-Lie algebroid possesses the following structures:
given by:
2) for all ∆, ∈ DL, and all ϕ, ψ ∈ Γ(J 1 L). These structures satisfy certain identities that we do not report here (for more details see, e.g., [32] ). Most of them are just the obvious analogues of those holding for the standard Courant algebroid: the generalized tangent bundle ÌM = T M ⊕ T * M . Accordingly, the rest of this subsection is just an adaptation from similar features of ÌM.
We now describe symmetries of the omni-Lie algebroid L. First of all, for a vector bundle E → M , we denote by Aut(E) the group of its automorphisms.
Definition 2.1.1. A Courant-Jacobi automorphism of L is a pair (Φ, Φ) consisting of (1) an automorphism Φ of the vector bundle L, and (2) an automorphism Φ of L, such that Φ and Φ cover the same diffeomorphism φ : M → M , and, additionally,
for all α, β ∈ Γ( L). The group of Courant-Jacobi automorphisms is denoted by Aut CJ ( L). 
Using decomposition L = DL ⊕ J 1 L we can write e B in matrix form:
An easy computation shows that (e B , id) is a Courant-Jacobi automorphism. We will refer to it as a B-field transformation, adopting the same terminology as for 
It is easy to see that ( Φ, Φ) is a Courant-Jacobi automorphism. Additionally id = id,
In particular we see that B-field transformations and automorphisms of L generate a subgroup in Aut
L (from the right) via pull-backs. ⋄ Actually, exactly as for the generalized tangent bundle, B-field transformations and automorphisms of L generate the full group of Courant-Jacobi automorphisms, according to the following proposition which we report here for completeness.
Our task is showing that the latter is onto. So let (Φ, Φ) ∈ Aut CJ ( L). Define a new automorphism (Θ, Θ) via
and
Compatibility with −, − implies that B is skew-symmetric, so it is an Atiyah 2-form. Compatibility with the bracket then implies that B is closed. It is now easy to see that Φ = e B • Φ and this concludes the proof.
We now pass to infinitesimal symmetries of L. First of all, for a vector bundle E → M , denote by aut(E) the Lie algebra of its infinitesimal automorphisms. As already remarked, aut(E) is canonically isomorphic to the Lie algebra Γ(DE) of derivations E. Definition 2.1.5. An infinitesimal Courant-Jacobi automorphism of L is a pair (∆, ∆) consisting of (1) a derivation ∆ of L, and (2) a derivation ∆ of L, such that ∆ and ∆ have the same symbol, and, additionally
for all α, β ∈ Γ( L). Equivalently (∆, ∆) generates a flow by Courant-Jacobi automorphisms of L. The Lie algebra of infinitesimal Courant-Jacobi automorphisms is denoted by aut CJ ( L).
Example 2.1.6. Let B be a closed Atiyah 2-form, i.e. B ∈ Z 2 L . Denote by B the endomorphism of L given by
Then (B, 0) is an infinitesimal Courant-Jacobi automorphism, exponentiating to the B-field transformation corresponding to B. ⋄
It is easy to see that (L , ) is an infinitesimal Courant-Jacobi automorphism. Infinitesimal automorphisms of the form (L , ) together with those of the form (B, 0) from previous example generate a Lie subalgebra in aut
Proof. The proof is similar to that of Proposition 2.1.4, and it is left to the reader.
, and let (L + B, ) be the corresponding infinitesimal Courant-Jacobi automorphism. If generates the flow {Φ t } by vector bundle automorphism of L, then (L + B, ) generates the flow
where 
generalized contact bundles are odd-dimensional analogues of generalized complex manifolds and they encompass contact manifolds and complex structures on the gauge algebroid of L as extreme cases. To see this, use direct sum decomposition
Additionally, ϕ, J, ω satisfy some identities [33] . In particular, J is a Jacobi bracket, so that (L, J) is a Jacobi bundle [25] . When ϕ = 0, then ω
, then ϕ is an integrable complex structure on the gauge algebroid DL (see Appendix A).
Remark 2.2.1. Let Ã be a generalized contact structure on L, and let (Φ, Φ) be a CourantJacobi automorphism of L. Then Φ • Ã • Φ −1 is a generalized contact structure as well. In particular, for (Φ, Φ) = (e B , id), the B-field transformation corresponding to a closed Atiyah 2-form B, we obtain that e B • Ã • e −B is a generalized contact structure. The latter will be denoted by Ã B . ⋄ 2.2.2. Dirac-Jacobi bundles. Similarly as for generalized complex structures, generalized contact structures can be seen as (particularly nice) complex Dirac-Jacobi structures, i.e. complex Dirac structures in the omni-Lie algebroid. Recall that a Dirac-Jacobi structure on L [32] (see also [9, 10] 
and it is a Dirac-Jacobi structure iff J is a Jacobi structure. ⊲ Let L → M be a line bundle and let ω ∈ Ω 2 L be an Atiyah 2-form on L. Then graph ω := {(∆, ι ∆ ω) : ∆ ∈ DL} ⊂ L is a maximally isotropic subbundle, and it is a Dirac-Jacobi structure iff
such that L ∩ L = 0 arise in this way, and we will call them complex Dirac-Jacobi structures of generalized contact type.
Remark 2.2.3. Let L be a Dirac-Jacobi structure on L, and let (Φ, Φ) be a Courant-Jacobi automorphism of L. Then Φ(L) is a Dirac-Jacobi structure as well. In particular, e B (L) is a Dirac-Jacobi structure, denoted by L B , for every closed
is not a honest generalized contact structure, unless B is a real Atiyah form (see, e.g., Remark 4.1.1). ⋄ Lemma 2.2.4. Let Ã be a generalized contact structure as in (2.5), and let
As ψ is real, we also have
So ∆ = ∆ ′ , and χ = χ ′ , and
in particular Re ∆ = 0. Now, apply Ã to both sides of (2.6) to find
In particular i∆ = J ♯ ψ. This concludes the proof.
2.2.3.
The 2-form of a complex Dirac-Jacobi structure. Let L → M be a line bundle and let L ⊂ L ⊗ be a complex Dirac-Jacobi structure on L. There is a canonical skew-symmetric, L ⊗ -valued bilinear map ̟ defined pointwise on the smooth, but not necessarily regular, subbundle p D L as follows:
Similarly as in generalized complex geometry [1] , when L is of generalized contact type, we can relate ̟ to the corresponding generalized contact structure Ã. First consider the complex conjugate form
The real and imaginary parts of ̟:
and we have the following
Lemma 2.2.5. Let Ã be a generalized contact structure as in (2.5), let L = L Ã be its +i-eigenbundle, and let ̟ be the canonical
Proof. It is enough to prove (2.9) for ψ, ψ ′ ∈ J 1 L. First of all notice that the rhs of (2.9) makes sense in view of Lemma 2.2.
as in the proof of Lemma 2.2.4. In particular Re ∆ = 0, J ♯ ψ = i∆, and Re χ = ψ. Finally, let ∇ ∈ im J ♯ . Then
Remark 2.2.6. As recalled in Example 2.2.2, every Jacobi structure J on a line bundle L → M determines a real Dirac-Jacobi structure:
by the same formula (2.7) as ̟. Formula (2.9) then states that the imaginary part of ̟ agrees with the (complexification of the) 2-form ω J : ∧ 2 im J ♯ → L induced by the Jacobi structure J underlying the generalized contact structure Ã:
Notice that ω J , hence Im ̟, is (pointwise) non-degenerate. ⋄
2.2.4.
Backward images of (complex) Dirac-Jacobi structures. Let (L → M, Ã) be a generalized contact bundle, and let L = L Ã ⊂ L ⊗ be its +i-eigenbundle. Like in generalized complex geometry, not all submanifolds of M inherits from Ã a generalized contact bundle structure. However, all submanifolds of M inherits from L a complex Dirac-Jacobi structure (up to regularity issues), via the backward image construction which we now recall for later use. We describe backward images for real Dirac-Jacobi structures. The following considerations extend straightforwardly to complex Dirac-Jacobi structures. So let L → M be a line bundle equipped with a Dirac-Jacobi structure L ⊂ L. Consider another line bundle L N → N together with a regular vector bundle map Φ :
The bundle Φ ! L is always maximal isotropic, but needs not to be smooth. Nonetheless, when it is smooth, it is also regular, and, even more, it is a Dirac-Jacobi structure on L N , called the backward image of L along Φ. There is a simple sufficient condition for smoothness, sometimes referred to as the clean intersection condition [7, 32] . For the purposes of this paper, we only need to know that: ⊲ if φ is a submersion, the clean intersection condition is automatically satisfied, hence Φ ! L is a Dirac-Jacobi structure; ⊲ if φ is the immersion of a(n immersed) submanifold S ֒→ M , it is easy to see that the clean intersection condition boils down to
We refer to [7, 32] 
is a Dirac structure on the product M 1 × M 2 , called the product of L 1 and L 2 . It is not immediately obvious how to extend this simple construction to line bundles and Dirac-Jacobi structures. In this section we propose such an extension. The splitting theorems of Section 4 will be formulated in terms of the product of Dirac-Jacobi structures as defined here. Begin with two Dirac-Jacobi structures
is a smooth subbundle, then it is a Dirac-Jacobi structure.
Proof. The proof is an adaptation of the analogous proof for Dirac structures [24] . We report it here for completeness. It is clear that
We conclude that L 1 ⋆ L 2 sits in a exact sequence of (not necessarily regular) vector bundles:
In particular it is a regular subbundle. For the involutivity, recall that a
to check whether L is involutive or not, it is enough to check whether Υ vanishes pointwise or not on an open and dense subset of M . Now, when L = L 1 ⋆ L 2 , it is straightforward to see that Υ vanishes on sections of the special form (∆,
Hence, it is enough to show that there exists an open and dense subset U ⊂ M such that, for any point a ∈ L 1 ⋆ L 2 over some point x ∈ U , a is the value at x of a local section α ∈ Γ(L 1 ⋆ L 2 ) of the special form. It is easy to see that
is the open and dense subset we are looking for. This concludes the proof.
We are now ready to define a notion of product of Dirac-Jacobi structures. So let L i → M i be line bundles equipped with Dirac-Jacobi structures L i ⊂ L i , i = 1, 2. We assume we have an additional datum, namely a line bundle L → M 1 × M 2 over the product, together with regular vector bundle maps
y y t t t t t t t t t t t
t t t t t t t t t
In this situation we can consider back-ward images, P ! 1 L 1 , P ! 2 L 2 ⊂ L, and they are regular because the p i are submersions, i = 1, 2. Finally consider
If it is regular, it is a Dirac-Jacobi structure on L.
Now notice that, in view of diagram (2.11), L comes with (partial) connections D i , along ker p i , i = 1, 2, and we can define a genuine connection D × in L, by putting
Lemma 2.2.9. The following conditions are equivalent:
(
Proof.
(1) =⇒ (2) . Choose as λ a nowhere vanishing flat section wrt D × .
and λ i , with the constant functions 1, i = 1, 2.
(3) =⇒ (1). Obvious.
When one, hence all three, of the conditions in Lemma 2.2.9 hold, we say that the product
We will provide examples of products of Dirac-Jacobi structures later on. For now we only remark that, if we apply an analogous construction to a pair of Dirac structures, we get exactly their standard product.
Remark 2.2.10. The above discussion applies to complex Dirac-Jacobi structures without modifications. ⋄ Remark 2.2.11. Let L i be Dirac Jacobi structures on the line bundles L i → M i , i = 1, 2, and let L 1 × ! L 2 be a flat product of them wrt to projections P 1 , P 2 as in diagram (2.11). Finally, let B be a closed Atiyah 2-form on L 1 . It is easy to see that
. Homogeneous generalized complex structures. As already mentioned, unlike Poisson manifolds, manifolds M with a Jacobi bundle (L → M, J) possess two kinds of characteristic leaves. Odd dimensional ones inherit from J a canonical contact structure, and we call them contact leaves. Even dimensional leaves inherit from J an lcs structure, and we call them lcs leaves. Let O be a leaf and x 0 ∈ O. By a transversal to O at x 0 , we mean a submanifold N such that x 0 ∈ N , and
It turns out that transversals to lcs leaves, with the restricted line bundle, possess a canonical Jacobi structure around x 0 . Additionally, this Jacobi structure vanishes at x 0 . On the other hand, transversals to contact leaves, possess a canonical homogeneous Poisson structure (up to the choice of a nowhere vanishing section of L) around x 0 . The homogeneous Poisson structure vanishes at x 0 . Recall that a homogeneous Poisson structure on a manifold M is a pair (π, Z) where π is a Poisson bi-vector, and Z is a vector field, called the homogeneity vector field, such that L Z π = −π. 
⋄
The theory of Jacobi structures is strongly related to that of homogeneous Poisson structures, as the example of transversals to contact leaves shows (see also [11] ). In a similar way generalized contact geometry is strongly related to the theory of homogeneous generalized complex structures which we define now. Let M be a manifold. Definition 2.2.13. A homogeneous generalized complex structure on M is a pair (Â, ), where
is a generalized complex structure, and = (Z, ζ) is a section of the generalized tangent bundle ÌM such that
where ι A dζ is the 2-form defined by
The main motivation for this definition is that the transversal to a contact leaf in the base of a generalized contact bundle is a homogeneous generalized complex manifold, as we will show in Section 3. (1) (Â, ) is a homogeneous generalized complex structure;
Proof. It is clear that (2) and (3) are equivalent. It remains to prove that (1) ⇔ (3). Assume first that (Â, ) is a homogeneous generalized complex structure, let α = (X, η) ∈ Γ(L Â ) and
(2.12)
The first entry is
where we used that AX + π ♯ η is the first entry of Âα. Similarly, the second entry in (2.12) is
One can show that (Â, ) is a homogeneous generalized complex structure with a similar computation as above (but in the reverse order).
Every homogeneous generalized complex structure (Â, ) determines a complex Dirac-Jacobi structure on the trivial line bundle Ê M := M × Ê → M according to the following Proposition 2.2.15. Let (Â, ) be a homogeneous generalized complex structure on M , with
follows:
(where we use the same notations as in Remark 1.1.1). Then L (Â, ) is a (complex) DiracJacobi structure.
Proof. A direct computation with the generators shows that L (Â, ) is isotropic. As its rank is dim M + 1, it is also maximal isotropic. For the involutivity, we will show that the trilinear form Υ : 
, and f i , g i ∈ C ∞ (M ), i = 1, 2, we have:
be the corresponding generator of Γ(L (Â, ) ), i = 1, 2, 3. A straightforward computation exploiting (2.14) and (2.15) shows that
and the rhs vanishes in view of Proposition 2.2.14. Finally, again from (2.14) and (2.15) we get
and this concludes the proof.
Complex Dirac-Jacobi structures on Ê M of the form L (Â, ) for some homogeneous generalized complex structure (Â, ) can be characterized as follows. First of all, denote by
for some homogeneous generalized complex structure (Â, ) iff it satisfies the following condi-
Proof. Begin with a homogeneous generalized complex structure (Â, ), = (Z, ζ), and the
where we denoted by p T : ÌM → T M the projection. So L satisfies also (2) . Property (3) now follows from the fact that
This concludes the "only if" part of the proof.
For the "if" part, let L ⊂ Ê M ⊗ be a complex Dirac-Jacobi structure satisfying properties
(1)-(3) in the statement. It follows from (1) and (3) that there exists a unique, necessarily
for a real vector field Z, a real 1-form ζ, and a real function g. From isotropy, g = ζ(Z), so
We put := (Z, ζ). Next we want to construct a generalized complex structure Â : ÌM → ÌM. To do this, we first define
We claim that L Ì is a complex Dirac structure such that L Ì ∩ L Ì = 0. From (2.14), L Ì is (pointwise) maximal isotropic. So it is a regular vector subbundle provided only it is the image of a vector bundle map. Our next aim is constructing such a map. First of all, consider the endomorphism
and the natural projection
We want to show that
In order to check the reverse inclusion, begin with β = (X + f, η + g · j) ∈ L. It follows from isotropy that g = η(Z) − ζ(X) − f ζ(Z). Now compute
which belongs to L. So L Ì is a regular maximal isotropic subbundle of ÌM ⊗ . Involutivity follows from (2.15) and the involutivity of L.
As p Ê X = 0 this can only be if (X, η) = 0. We conclude that L Ì is the +i-eigenbundle of a generalized complex structure Â on M . Using (2.15) again, and Proposition 2.2.14, it is easy to see that (Â, ) is a homogeneous generalized complex structure in a similar way as in the proof of Proposition 2.2.15. Finally, it is obvious that L (Â, ) ⊂ L. As they are both maximal isotropic, they actually coincide. This concludes the proof.
Notice that conditions (1) and (2) in Proposition 2.2.16 make sense for every complex DiracJacobi structure. So we give the following
The above definition is motivated by the following Proof. Let L be as in the statement, and let x 0 ∈ M . Choose a nowhere vanishing local
We can choose (∆, ψ) to be real. Then we have ∆ = 0. Indeed, if ∆ x = 0 for some 
and let L be its +i-eigenbundle. In this sections, as a preparation for the splitting theorems, we study special classes of submanifolds of M . Specifically, characteristic leaves of the underlying Jacobi structure J and their transversals. As we already outlined, in this paper, by a transversal to a leaf O at a point x 0 ∈ O, we will always understand a minimal dimension transversal, i.e. a submanifold N through x 0 such that
We begin with contact leaves.
Contact leaves and their transversals.
Recall that an odd dimensional characteristic leaf O of J possesses a canonical contact structure H ⊂ T O. This can be seen as follows. First of all, J restricts to a Jacobi structure 
is surjective (by definition of characteristic leaf), and it follows from
The kernel H of θ O is a contact structure containing the full information on J O . This contact structure can be equivalently encoded in a generalized contact structure
In the following, for an (immersed) submanifold S ֒→ M , we simply denote by L S the restricted line bundle L| S , and by I S : L| S ֒→ L the natural (injective) immersion. It is a regular vector bundle map covering the injective immersion i S : S ֒→ M . Proposition 3.1.1. Let O be an odd dimensional leaf of J. The backward image of the complex Dirac-Jacobi structure L along the immersion
Proof. We divide the proof in several steps. First we prove that I ! O L ⊂ L O ⊗ is a regular subbundle, checking the clean intersection condition (2.10):
To do this notice that 
As both χ ′ and χ ′′ agree with
hence (∆, ψ) = 0. We conclude that I ! O L is a Dirac-Jacobi structure of generalized contact type. In particular, there is an underlying Jacobi structureJ on L O .
As a third step, we prove that the Jacobi structure underlying I ! O L is precisely J O : the restriction to O of the Jacobi structure J. In other words,J = J O . First of all,
. From (3.2), and the involutivity of
where we used (3.1) and the fact that Im
O . We now pass to transversals. A transversal to a characteristic leaf of a generalized complex manifold inherits a generalized complex structure, at least around the intersection point with the leaf. The precise analogue cannot be true for contact leaves of a generalized contact structure, simply because, in this case, transversals are even dimensional. Proposition 3.1.2. Let N be a transversal at x 0 ∈ O to an odd dimensional leaf O of J. Around x 0 , the backward image of the complex Dirac-Jacobi structure L along the embedding
is spanned by a vector of the form (1 x 0 , ψ). In particular, any local trivialization L N ≃ Ê N around x 0 , identifies I ! N L with the complex Dirac-Jacobi structure corresponding to a homogeneous generalized complex structure.
Proof. First of all we prove that I ! N L ⊂ L N is a regular subbundle, hence a Dirac-Jacobi structure on L N , checking the clean intersection condition (2.10):
At the point x 0 we have (im
| N is a smooth, possibly non-regular subbundle, hence its rank can only increase around x 0 , and we conclude that
in a whole neighborhood of x 0 . In particular, the lhs has constant rank.
the normal and the conormal bundle to N , respectively. It is useful to consider the following skew-symmetric bilinear map
and the associated vector bundle map µ ♯ : ν * N ⊗ L N → νN implicitly defined by
In other words µ ♯ is the composition
where the last arrow is the natural projection (with kernel T N ). We want to show that µ has maximal rank around x 0 : rank µ = rank(νN ) − 1 = dim O − 1 = even. To do this it is enough to show that rank x 0 µ = dim O − 1, in other words dim(ker µ
Now, we go back to I ! N L and consider the real (a-priori not necessarily regular) subbundle
clearly I ! N L ∩ I ! N L is (canonically isomorphic to) the complexification of R. We want to show that there is a (pointwise) exact sequence:
On the other side,
where we used (3.3) (which holds true around x 0 ). So if we work around x 0 , χ = χ ′ , we put κ(∆, ψ) := Im χ,
Before proving that sequence (3.5) is exact, the following remark is useful. Let (∆, ψ) ∈ R and let χ be as above. Then
Indeed, from Ã(∆,χ) = i(∆, χ), we find i∆ = ϕ∆ + J ♯ χ (take just the first component). Similarly, from Ã(∆,χ) = −i(∆, χ), we find i∆
. Now, we prove that (3.5) is exact. First of all κ in injective. Indeed, if κ(∆, ψ) = Im χ = 0, then χ = χ and (∆, χ) ∈ L ∩ L = 0, so χ = 0, and, from (3.6), (∆, ψ) = (0, I * N χ) = 0. It remains to show that ker µ ♯ = im κ. So let (∆, ψ) ∈ R, let χ be as above, and let η ∈ ν * N ⊗L N . Compute
where we used (3.6) again, and the fact that ∆ ∈ DL N . So ker µ ♯ ⊂ im κ. Finally, let η ∈ ν * N ⊗ L N be such that µ ♯ η = 0. This means that ∆ := J ♯ η ∈ DL N . Put
We claim that α ∈ R, and η = κ(α). To see this notice that
We conclude that ker µ ♯ = im κ, and rank (I ! N L ∩ I ! N L) = 1 as claimed. To prove that I ! N L is a complex Dirac-Jacobi structure of homogeneous generalized complex type, it remains to show that
To do this we compute
But the above discussion, together with formula (3.4), reveals that, at the point
, hence in a whole neighborhood of x 0 . This concludes the proof.
Lcs leaves and their transversals.
We now pass to lcs leaves. As already mentioned, an even dimensional characteristic leaf of J possesses a canonical lcs structure. To see this one can argue as follows. As before, J restricts to a Jacobi structure J O on the restricted line bundle
and Ω O (viewed as a 2-form on C O ) agrees with the pointwise restriction to O of the 2-form ω J : ∧ 2 im J ♯ → L from Remark 2.2.6. Now the integrability condition for J O is equivalent to ∇ being flat and
is an lcs structure on L O and it contains the full information on J O . This lcs structure (Ω O , ∇) can be equivalently encoded in a complex Dirac-Jacobi structure L O given by the same formula (3.1) as before.
given by formula (3.1) is a complex Dirac-Jacobi structure such that
As usual, we check the clean intersection condition:
So notice that, in this case
we would get 1 ∈ C O which is not the case. We conclude that
which is constant rank in the same way as for contact leaves (see the proof of Proposition 3.
We will get, in particular, properties (2) and (3) 
This means that there exist χ ′ , χ ′′ as in the proof of Proposition (3.1.1), and we can even construct χ exactly as there. As L is of generalized contact type, actually (∆, χ) = 0, i.e. ∆ = 0, and 8) where J O is the restriction to L O of the Jacobi structure J. To do this, denote by 
An easy computation shows that
where C : DL O → Ê O is the unique 1-form with kernel C O , and such that C, 1 = 1. Hence
For the very last step we used (3.8), and the fact that Im ̟ O = Ω O (together with the relationship between Ω O and J O discussed at the beginning of this subsection).
Proposition 3.2.3. Let N be a transversal at x 0 ∈ O to an even dimensional leaf O of J. Around x 0 , the backward image of the complex Dirac-Jacobi structure L along the embedding
is a regular subbundle in a very similar way as for the transversal to a contact leaf (proof of Proposition 3.1.2) and we leave it to the reader to take care of the obvious adaptations. Now, we show that
, so that ψ = 0 as well. This concludes the proof.
Splitting theorems
In this section we prove a local splitting theorem for generalized contact bundles analogous to Weinstein splitting theorem for Poisson structures [37] , and similar splitting theorems in Poisson-related geometries: Jacobi geometry [11] , Dirac geometry [5] (see also [13] ), Lie algebroid geometry [12, 14, 38] , generalized complex geometry [1] (see also [3] for an important refinement of Abouzaid-Boyarchenko result). As expected, our splitting theorem is similar to that for generalized complex manifold on one side, and to that for Jacobi bundles on the other side. In particular, we actually prove two splitting theorems: one about the local structure around a point in a contact leaf and one about the local structure around a point in a lcs leaf. Our proof is different in spirit from that of Abouzaid and Boyarchenko, and it is rather inspired by the recent work of Bursztyn, Lima and Meinrenken [8] , who provided a unified approach to splitting theorems in Poisson (and related) geometries.
We begin recalling the splitting theorems of Dazord, Lichnerowicz and Marle for Jacobi bundles [11] . given by
where (Λ can , E can )) is the Jacobi pair from Example 1.2.3.
Remark 4.0.2. Formula (4.1) has a nice interpretation in terms of Dirac-Jacobi structures.
Namely, let L Jcan = graph J can ⊂ Ê V be the Dirac-Jacobi structure induced by J can on the trivial line bundle, and let L N ⊂ Ê N be the Dirac-Jacobi structure spanned as follows: 
Φ identifies J with the Jacobi structure J × corresponding to the Jacobi pair (Λ × , E × ) given by
where (π can , Z can ) is the homogeneous Poisson structure from Example 2.2.12.
Remark 4.0.4. Again, formula (4.2) has an interpretation in terms of Dirac-Jacobi structures.
Namely, let L (πcan ,Zcan ) ⊂ Ê V be the Dirac-Jacobi structure spanned as follows:
and let L N = graph J N ⊂ Ê N be the Dirac-Jacobi structure induced by J N . Finally, let Zcan ) and L N wrt to the standard projections Ê N ×V → Ê N , and Ê N ×V → Ê V :
Splitting around a contact point. We are finally ready to prove our main results. We begin with a remark.
Remark 4.1.1. The Jacobi structure J can from Example 1.2.3 is non degenerate. Hence it corresponds to a contact structure H can . Namely, let ω can = J −1 can be the Atiyah 2-form inverting J can . Then
and ι 1 ω can agrees with
the canonical contact 1-form on Ê 2d+1 , and H can = ker θ can is the canonical contact structure on Ê 2d+1 . The latter can be equivalently encoded in a generalized contact structure
whose +i-eigenbundle is
Clearly, we also have
i.e. L odd can can be seen as the complex B-field transformation of the complex Dirac-Jacobi structure DÊ Ê 2d+1 ⊗ ⊂ Ê Ê 2d+1 ⊗ by means of the closed complex Atiyah 2-form iω can . This simple remark will be useful below. Actually, similar considerations hold for any non-degenerate Jacobi structure. Notice, however, that (4.4) does not mean that there is a Courant-Jacobi automorphism intertwining (4.3) with some other generalized contact
structure. Yet in other words, DÊ Ê 2d+1 ⊗ is not a complex Dirac-Jacobi structure of generalized contact type, and the obvious reason is that only real B-field transformations are Courant-Jacobi automorphisms, while iω can is a purely imaginary Atiyah 2-form. ⋄ 
is the Euler vector field on V . More precisely, it is the covariant derivative along the Euler vector field wrt the canonical flat connections in Ê N ×V . By changing ψ into f ψ with f ∈ C ∞ (V × N ) a suitable bump function equal to 1 around N , we can arrange that E is complete, while (4.6) still holds around N . Denote by {Φ t } the flow of E on Ê N ×U , and let {φ t } be its projection to N × V . Then, for all t ≤ 0 we have
at least when v is small enough. Put
Then U ⊂ V is an open subset and E remains complete when restricted to U . Additionally, the family of maps K s := Φ log(s) : Ê N ×U → Ê N ×U extends smoothly to s = 0, and K 0 = I N • P N , where P N : Ê N ×U → Ê N is the canonical projection and I N : Ê N → Ê N ×U is the embedding at u = 0 ∈ U . Now consider the +i-eigensection α of Ã given by
where we put χ := iψ − ϕ † ψ. Consider also the infinitesimal Courant-Jacobi automorphism
From (4.7), (4.8), and involutivity, the flow of
In particular
9) for all s > 0. Put B s := C − log(s) and compute
In a possibly smaller neighborhood of N × {0} we have
for all τ ∈ [0, 1]. Hence, for all s ∈ (0, 1],
which extends to s = 0. We conclude that, in a possibly smaller neighborhood of N × {0}, B 0 is well-defined, and, more precisely,
where B is a certain real closed Atiyah 2-form. Finally, from (4.9), by continuity, we get, in a neighborhood of N × {0} The Poisson structure π can is non-degenerate and its inverse is Ω can = dx i ∧ dp i , the canonical symplectic structure on Ê 2d . In its turn Ω can = −dΘ can , where
is the Liouville 1-form. The pair (Ω can , Z can ) is a homogeneous symplectic structure in the sense that L Zcan Ω can = Ω can , and we can encode it in a complex Dirac-Jacobi structure of homogeneous generalized complex type
can is the complex B-field transformation of the complex Dirac-Jacobi structure DÊ Ê 2d ⊗ ⊂ Ê Ê 2d ⊗ by means of the complex closed Atiyah 2-form iξ can . Similar considerations hold for any homogeneous Poisson structure (π, Z) such that π is non-degenerate. We leave the simple details to the reader. ⋄ Proof. Without loss of generality, we assume that M = N × V , L = Ê N ×V is the trivial line bundle, and the Jacobi structure underlying Ã is J × , where V , N and J × are as in Theorem 4.0.3. Let ψ ∈ Γ(J 1 Ê N ×V ) be given by
So that
is the Euler vector field on V . We define U , K 0 , B 0 exactly as in the proof of theorem 4.1.2. A direct computation then shows that B 0 is well defined around N × {0} and it is given by
for some real closed Atiyah 2-form B. Exactly as in the proof of Theorem 4.1.2 we now get
The regular case
Let (L → M, Ã) be a generalized contact bundle, and let J be the Jacobi structure underlying Ã. A point x 0 ∈ M is a regular point for Ã if the characteristic leaves of J has constant dimension around x 0 . Similarly as in the generalized complex case [16] , when x 0 ∈ M is a regular point, Splitting Theorems 4.1.2 and 4.2.2 simplify and we get honest local normal form theorems around x 0 . 5.1. Local normal form around a regular contact point.
Remark 5.1.1. Denote by A can the standard complex structure on n . It can be encoded in a generalized complex structure
whose +i-eigenbundle is T 1,0 n ⊕ (T 0,1 n ) * . The generalized complex structure (5.1) is homogeneous wrt to the zero section (0, 0) ∈ Γ(Ì n ), and we get the following complex Dirac-Jacobi structure of homogeneous generalized complex type on Ê n :
Let L ⊂ L ⊗ be the +i-eigenbundle of Ã, and let x 0 ∈ M be a regular point in a (2d + 1)-
wrt the standard projections Ê n ×Ê 2d+1 → Ê n , and Ê n ×Ê 2d+1 → Ê Ê 2d+1 , up to a B-field transformation.
Proof. Let N be a sufficiently small transversal to the characteristic leaf through x 0 . From Theorem 4.1.2, it is enough to show that the induced Dirac-Jacobi structure L N = I ! N L on N is isomorphic to L n around x 0 up to a B-field transformation. From the proof of Proposition 3.1.2 and the fact that x 0 is a regular point, it easily follows that L N ∩ L N is (everywhere, not only at x 0 ) spanned by a section of the form (1, ζ), with ζ ∈ T * N ⊗ L N , and, from the proof of Proposition 2.2.16, L N is isomorphic to a Dirac-Jacobi structure of generalized complex type of the form L (Â, ) (see (2.13)) with Z = 0. In particular,
(1) π = 0, (2) A is a complex structure on N , and (3) σ = ι A dζ (see Definition 2.2.13). A direct computation exploiting (1) and (3) shows that, after the B-field transformation (e d D ζ , id), we achieve ζ = σ = 0. Finally, with a diffeomorphism, we achieve A = A can , showing that L N is isomorphic to L n up to a B-field transformation.
5.2.
Local normal form around a regular lcs point.
Remark 5.2.1. Consider the standard complex structure ϕ can on the gauge algebroid of the trivial line bundle over the cylinder Ê × n from Example A.0.1 in the Appendix. It can be encoded in a generalized contact structure
Let L ⊂ L ⊗ be the +i-eigenbundle of Ã, and let x 0 ∈ M be a regular point in a 2d-dimensional characteristic leaf. Then, locally, around x 0 , L is isomorphic to the flat product
wrt the standard projections Ê (Ê× n )×Ê 2d → Ê Ê× n , and Ê (Ê× n )×Ê 2d → Ê Ê 2d , up to a B-field transformation.
Proof. Let N be a sufficiently small transversal to the characteristic leaf through x 0 . From Theorem 4.2.2, it is enough to show that the induced Dirac-Jacobi structure
is isomorphic to L Ê× n around x 0 up to a B-field transformation. As x 0 is a regular point, the characteristic foliation F is a regular lcs foliation around
This means that L N is the +i-eigenbundle of a generalized contact structure Ã N of the form
In particular ϕ N is an integrable complex structure on the Atiyah algebroid DL N . In the following we refer to the Appendix for notation and the main properties of such a complex structure. First of all, notice that from (5. In this case ϕ : DL → DL is a(n integrable) complex structure on the gauge algebroid DL, i.e. ⊲ ϕ is almost complex, i.e. ϕ 2 = −id, ⊲ ϕ is integrable, i.e. its Lie algebroid Nijenhuis torsion N ϕ vanishes. Here N ϕ : ∧ 2 DL → DL is the skew-symmetric bilinear map defined by Conversely, given a complex structure on DL, (A.1) defines a generalized contact structure.
Example A.0.1. Consider the cylinder Ê × n over the standard complex space n . Let u be the standard real coordinate on the first factor, and let z i = x i + iy i , i = 1, . . . , n, be the standard complex coordinates on the second factor. There is a canonical integrable complex structure ϕ can on the gauge algebroid of the trivial line bundle Ê Ê× n defined by The proof will essentially follow from the Newlander-Nirenberg theorem after applying the homogenization trick [35] which we now recall. First of all, consider the principal Ê × -bundle M = L * 0 → M , and denote by E the restriction to M of the Euler vector field. A section λ of L corresponds to a linear function on L * , and, by restriction, to a homogeneous function λ on M , where by "homogeneous" we mean that E( λ) = λ. Every homogeneous function on M arises in this way. Secondly, let ∆ be a derivation of L. Then there exists a unique vector field ∆ on M such that ∆( λ) = ∆λ, for all λ ∈ Γ(L).
Vector field ∆ commutes with E and every vector field commuting with E arises in this way. In particular ∆ is projectable onto M and its projection is σ(∆). Notice that 1 = E. Thirdly, let ϕ : DL → DL be a vector bundle endomorphism. Then there exists a unique (1, 1)-tensor ϕ : T M → T M such that ϕ ∆ = ϕ∆, for all ∆ ∈ Γ(DL). (A.
3)
The Lie derivative L E ϕ vanishes, and every (1, 1)-tensor A on M such that L E A = 0 arises in this way. Additionally, ϕ is an integrable complex structure iff ϕ is a complex structure on M .
Proof of Theorem A.1.1. Now, let ϕ : DL → DL be an integrable complex structure. Consider ϕ. It is a complex structure on M . As E is nowhere vanishing, it can be locally completed to a holonomic complex frame, i.e. locally, around every point of M , there are coordinates T, U, X 1 , . . . , X n , Y 1 , . . . , Y n such that Proof. In view of Theorem A.1.1, it is enough to work in the case when M = Ê × n . Let u be the standard (real) coordinate on the first factor and let z i = x i + iy i , i = 1, . . . , n, be the standard complex coordinates on the second factor. We can also assume that L = Ê M is the trivial line bundle and (A. 
